We continue the study, initiated in arXiv:1404.1094, of the O(N ) symmetric theory of N + 1 massless scalar fields in 6 − dimensions. This theory has cubic interaction terms
Introduction and Summary
This paper is a sequel to [1] where a one loop analysis was carried out for the cubic O(N ) symmetric theory of N + 1 scalar fields σ and φ i in 6 − dimensions. The Lagrangian of this theory is with interaction (φ i φ i ) 2 , which exists for large N in 4 < d < 6 [2] [3] [4] [5] . The 1/N expansions of various operator scaling dimensions were found in [1] to agree with the corresponding results [6] [7] [8] [9] [10] [11] [12] [13] [14] in the quartic O(N ) model continued to 6 − dimensions.
A surprising result of [1] was that the one-loop value of N crit is very large: if N crit is treated as a continuous real parameter, then it is ≈ 1038.266. Our main interest is in continuing the d = 6 − fixed point to = 1 in the hope of finding a 5-dimensional O(N ) symmetric unitary CFT. In order to study the expansion of N crit , in section 2 we calculate the three-loop β functions, following the earlier work of [15] [16] [17] . 1 In section 4 we find the following expansion for the critical value of N : Neglecting further corrections, this gives N crit ( = 1) ≈ 64, but higher orders in can obviously change this value significantly. It is our hope that a conformal bootstrap approach [19] [20] [21] [22] , perhaps along the lines of [23] , can help determine N crit more precisely in d = 5.
The bootstrap approach may also be applied in non-integer dimensions close to 6, but one should keep in mind that such theories are not strictly unitary [24] .
2
The major reduction of N crit as is increased from 0 to 1 is analogous to what is known about the Abelian Higgs model in 4 − dimensions. 3 For the model containing N f complex scalars, the one-loop critical value of N f is found to be large, N f,crit ≈ 183 [26] . However, the O( ) correction found from two-loop beta functions has a negative coefficient and almost exactly cancels the leading term when = 1, suggesting that the N f,crit is small in the physically interesting three-dimensional theory [27] .
Another interesting property of the theories (1.1) is the existence of the lower critical value N crit such that for N < N crit there is an IR stable fixed point at imaginary values of g 1 and g 2 . The simplest example of such a non-unitary theory is N = 0, containing only the field σ. Its 6− expansion was originally studied by Michael Fisher [28] and the continuation to = 4 provides an approach to the Yang-Lee edge singularity in the two-dimensional Ising model (this is the (2, 5) minimal model with central charge −22/5). From the three-loop β functions we find the expansion N crit = 1.02145 + 0.03253 − 0.00163
3)
The smallness of the coefficients suggests that N crit > 1 for a range of dimensions below 6.
In section 5 we discuss some properties of the N = 1 theory. We show that it possesses an unstable fixed point with g * 1 = g * 2 where the lagrangian splits into that of two decoupled N = 0 theories. There is also an IR stable fixed point where g * 2 = 6g * 1 /5 + O( ). A distinguishing feature of this non-unitary CFT is that it has a discrete Z 2 symmetry, and it would be interesting to search for it using the conformal bootstrap methods developed in [29] . We argue that, when continued to two dimensions, it describes the (2, 9) non-unitary conformal minimal model.
In Section 4.1 we also discuss unstable unitary fixed points that are present in 6 − dimensions for all N . For N = 1 the fixed point has g * 1 = −g * 2 ; it is Z 3 symmetric and describes the critical point of the 3-state Potts model in 6 − dimensions [30] .
The action of the cubic theory is
where φ i 0 and σ 0 are bare fields and g 1,0 and g 2,0 are bare coupling constants. 5 As usual, we introduce renormalized fields and coupling constants by
Here g 1 , g 2 are the dimensionless renormalized couplings, and µ is the renormalization scale.
We may write
so that, in terms of renormalized quantities, the action reads
To carry out the renormalization procedure, we will use dimensional regularization [31] in d = 6 − and employ the minimal subtraction scheme [32] . In this scheme, the counterterms are fixed by requiring cancellation of poles in the dimensional regulator, and have the structure
The anomalous dimensions and β-functions are determined by the coefficients of the simple 1/ poles in the counterterms [32] . Specifically, in our case we have that the anomalous dimensions are given by
and the β-functions are
In other words, in order to determine the anomalous dimensions and β-functions, we have to calculate the coefficients of the 1/ -divergencies in the loop diagrams, from which we can read off the residues a 1 (
Working in perturbation theory, we will denote by a 1i the term of i-th order in the coupling constants, and similarly for the other residue functions. Then, using the results for the Feynman diagrams collected in the Appendix, we find the anomalous dimensions
(2.12)
In the case N = 0 (the single scalar cubic theory), our results are in agreement with the three-loop calculation of [16] .
The IR fixed point
Let us introduce the notation
In terms of the new variables x and y, the condition that both β-functions be zero reads
These equations can be solved order by order in the expansion. Using also the 1/N expansion, we find the fixed point values
This large N solution corresponds to an IR stable fixed point and generalizes the one-loop result of [1] . This fixed point exists and is stable to all orders in the 1/N expansion.
If results beyond the 1/N expansion are desired, one can determine the the expansions of x * , y * for finite N as follows. Plugging the expansions
3), the leading order terms are found to be [1, 33] 
where z(N ) is the solution to the cubic equation 
Dimensions of φ and σ
In terms of the rescaled couplings x, y defined in (3.1), the anomalous dimensions read
Plugging the fixed point values (3.4)-(3.5) into these expressions, we get the conformal dimensions of σ and φ at the fixed point
12)
One can verify that these results are in precise agreement with the large N calculation of [6] [7] [8] for the critical O(N ) model in general d, analytically continued to d = 6 − . This provides a strong check on our calculations and on our interpretation of the IR fixed point of the cubic O(N ) scalar theory.
The 1/N expansions are expected to work well for N 1038. For any N larger than the critical value, the expansions of the scaling dimensions may be determined using (3.10) and the exact analytic solutions for the fixed point location (x * , y * ). For example, in Figure   1 we plot the coefficient of the O( 3 ) term in ∆ σ as a function of N and compare it with the corresponding 1/N expansion.
Dimensions of quadratic and cubic operators
In [1] the mixed anomalous dimensions of quadratic operators σ 2 and φ i φ i were calculated at one-loop order. These results were checked against the O(1/N ) term in the corresponding operator dimensions for the O(N ) φ 4 theory [12] . In this paper, we carry out an additional check, comparing with the O(1/N 2 ) correction found in [34] , but still working to the one-loop order in (it should be straightforward to generalize the mixing calculation to higher loops, but we will not do it here).
In the quartic O(N ) theory with interaction
2 , the derivative of the beta function at the fixed point coupling is related to the dimension of the operator (φ
In [12, 34] the coefficient ω 1 was computed as a function of dimension d:
The coefficient ω 2 has a more complicated structure for general d which was first found in [34] . Here we just quote its expansion in d = 4 − and d = 6 − :
and
In d = 4 − , one can check that the above results correctly reproduce the derivative of the
at the IR fixed point
In d = 6 − , the dimension of the (φ i φ i ) 2 operator in the quartic theory should be matched to the primary operator arising from the mixing of the σ 2 and φ i φ i operators in our cubic theory. In [1] , the mixing matrix of σ 2 and φ i φ i to one-loop order was found to be
Computing the eigenvalues γ ± of this matrix, and inserting the values of one-loop fixed point couplings
we find the scaling dimensions of the quadratic operators to be
The operator with dimension ∆ + is a descendant of σ. The operator with dimension ∆ − is a primary, and comparing with (3.17), (3.19) , we see that its dimension precisely agrees with the results of [34] to order 1/N 2 . The higher order terms in can be determined from mixed anomalous dimension calculations beyond one loop, and we leave this to future work.
We now calculate the mixed anomalous dimensions of the nearly marginal operators
Using the beta functions written in equations (2.11)-(2.12), we can determine the anomalous dimensions of the nearly marginal operators by computing the eigenvalues of the matrix
Strictly speaking, this matrix is not exactly equal to the anomalous dimension mixing matrix, because it is not symmetric. However, we could make it symmetric by dividing and multiplying the off-diagonal elements by a factor √ 3N + O( ), which corresponds to an appropriate rescaling of the couplings. This clearly does not change the eigenvalues of the matrix, and hence we can directly compute the eigenvalues λ ± of (3.27) , and obtain the dimensions of the eigenstate operators as
Plugging in the fixed point values x * and y * from equations (3.4)-(3.5), we find that
The dimension of the σ k operator in the quartic O(N ) model is known to order 1/N as function of d [12] , and may be written as
Our result for ∆ − agrees with the expansion of this formula for k = 3 in d = 6 − .
Analysis of critical N as a function of
We now investigate the behavior of N crit above which the fixed point exists at real values of the couplings. This can be defined as the value of N (formally viewed as a continuous parameter) at which two real solutions of the β-function equations merge, and subsequently go off to the complex plane. Geometrically, this means that the curves on the (g 1 , g 2 ) plane
defined by the zeroes of β 1 and β 2 are barely touching, i.e. they are tangent to each other.
Therefore the critical N , as well as the corresponding critical value of the couplings, can be determined by solving the system of equations
Note that the condition in the second line is equivalent to requiring that the determinant of the anomalous dimension mixing matrix of nearly marginal operators, M ij =
This means that one of the two eigenstates becomes marginal.
Working in terms of the rescaled coupling constants defined in (3.1), we can solve the system of equations (4.1) order by order in . We assume a perturbative expansion
and plugging this into (4.1), we can solve for the undetermined coefficients uniquely. At the zeroth order, we get the equations
The above system of equations can be solved analytically, as was done in [1] . We find that, up to the signs of x 0 and y 0 , there are three inequivalent solutions
The first of these solutions, with N crit = 1038.26605 + O( ), is of most interest to us because it is related to the large N limit of the theory. For N > N crit , we find a stable IR fixed point at real couplings g 1 and g 2 . 7 This fixed point is shown with the red dot in Figure 2 7 It is stable with respect to flows of the nearly marginal couplings g 1 and g 2 . As usual, there are some O(N ) invariant relevant operators that render this fixed point not perfectly stable. The red dots correspond to the stable IR fixed points, while the black dots are unstable fixed points. As N → N crit , the red dot merges with the nearby black dot, and the two fixed points move into the complex plane.
(there is a second stable IR fixed point obtained by the transformation (
which is a symmetry of this theory). There is also a nearby unstable fixed point, shown with a black dot, which has one stable and one unstable direction. As N approaches N crit from above, the nearby unstable fixed point approaches the IR stable fixed point, and they merge at N crit . At N < N crit , both fixed points disappear into the complex plane. As discussed in [36] , this is a rather generic behavior at the lower edge of the conformal window: the conformality is lost through the annihilation of a UV fixed point and an IR fixed point.
In [36] this was argued to happen at the lower (strongly coupled) edge of the conformal we find that it stops being positive for N < 35. This critical value is not too far from (4.9).
It is also instructive to study the theory using the 4 − expansion. The anomalous dimensions of φ i is [35] γ φ = N + 2 4(N + 8) The fixed point with N = 1 has a particularly simple property that g * 1 = −g * 2 . This property of the solution holds for the three loop β functions, and we believe that it is exact.
Using this, we note that the action at the fixed point is proportional to (σ + iφ)
Therefore, the theory at this fixed point enjoys a Z 3 symmetry acting by the phase rotation on the complex combination σ + iφ. This cubic classical action appears in the Ginzburg- For all N ≥ 2 we find unstable fixed points with O(N ) symmetry. These fixed points always have a relevant cubic operator, corresponding to a negative eigenvalue of the matrix
. Also, they exhibit an unconventional large N behavior involving half-integer powers of N , similarly to the unstable fixed points that appear for N > N crit and are shown by the black dots in the upper right and lower left corners of Figure 2 . We leave a discussion of these fixed points for the future.
Non-unitary theories
In addition to the fixed points studied so far, which are perturbatively unitary and appear for N > N crit , there exist non-unitary fixed points for N crit < N < N crit . The leading values of N crit and N crit are given in (4.5) and (4.6), respectively. Using the method developed 8 We are grateful to Yu Nakayama for pointing this out to us. Unfortunately, the latter expansion has growing coefficients, and we cannot extract any useful information from it. On the other hand, the higher order corrections to N crit are very small, which suggests that N crit > 1 for range of dimensions below 6.
The theory with N = 0, which contains only the field σ, was originally studied by Michael
Fisher as an approach to the Yang-Lee edge singularity in the Ising model [28] . Since the coupling is imaginary, it describes a non-unitary theory where some operator dimensions (e.g. 
we note that for g * 1 = g * 2 the interactions of the N = 1 model decouple as ∼ σ . This is allowed by the original Z 2 symmetry φ → −φ, which translates into the interchange of σ 1 and σ 2 . Thus, 
As is increased, these expansions suggest that the two operators become more irrelevant.
It would be interesting to study this Z 2 symmetric fixed point using a conformal boostrap approach along the lines of [29] .
Assuming that the N = 1 IR fixed point continues to be stable in d = 5, 4, 3, 2, it is interesting to look for statistical mechanical interpretations of this non-unitary CFTs. A distinguishing feature of the N = 1 CFT is that it has a discrete Z 2 symmetry, while the N = 0 theory has no symmetries at all. As we have noted, in d = 2 the CFT can be obtained via deforming the (3, 10) minimal model by a Virasoro primary field of dimension 6/5 (this is the highest dimension relevant operator in that minimal model). Since the flows from (p, q)
to (p − 1, q − 1) minimal models are common, we believe that the end point of this RG flow is described by the (2, 9) minimal model with c = −46/3. This model has three non-trivial Virasoro primary fields which can be perhaps identified as φ, σ, and a linear combination of 
A Summary of three-loop results
The Feynman rules for our theory are depicted in Fig. 3 = where we introduced symmetric tensor coupling d αβγ and counterterms (δg) αβγ , (δz) αβ with α, β, γ = 0, 1, .., N as 
A.1 Counterterms
z φ 12 = − g 2 1 3(4π) 3 , z σ 12 = − N g 2 1 + g 2 2 6(4π) 3 , a 12 = − g 2 1 (g 1 + g 2 ) (4π) 3 , b 12 = − N g 3 1 + g 3 2 (4π) 3 , (A.3) z φ 14 = g 2 1 432(4π) 6 g 2 1 (11N − 26) − 48g 1 g 2 + 11g 2 2 , z σ 14 = − 1 432(4π) 6 2N g 4 1 + 48N g 3 1 g 2 − 11N g 2 1 g 2 2 + 13g 4 2 , a 14 = − 1 144(4π) 6 g 2 1 g 3 1 (11N + 98) − 2g 2 1 g 2 (7N − 38) + 101g 1 g 2 2 + 4g 3 2 , b 14 = − 1 48(4π) 6 4N g 5 1 + 54N g 4 1 g 2 + 18N g 3 1 g 2 2 − 7N g 2 1 g 3 2 + 23g
Some useful integrals
Many of the diagrams listed in figure 7 are recursively primitive, so they can be easily evaluated using the integral: where
For the more complicated integrals, we use the mathematica program FIRE [41] , which uses integration-by-parts (IBP) relations to turn them into simpler "master integrals", which we then evaluate by hand.
There are two categories of diagrams which show up quite frequently as subdiagrams, the "special KIT E" diagrams and the "ChT" diagrams shown in Figure 4 .
The special KIT E diagram is a two-loop diagram corresponding to the following integral:
Notice that the power of the middle propagator is arbitrary. Via the Gegenbauer Polynomial technique as described in [42] , this integral can be expressed as an infinite sum of gamma functions.
where λ = d/2 − 1. In the case of d = 6 − we have found that, for example:
The -expansion of the above result can also be verified indirectly with the mathematica packages MBTools implementing the Mellin-Barnes representation [43] .
The ChT diagram is another variation of the KIT E diagram. It correspond to the integral:
( al. in [7] . Their answer is:
where
. For our purpose, we just need to fourier transform this expression to momentum space.
We also need variations of the SK and ChT diagrams, with a particular index raised by 1, for example. However, we can use FIRE to relate them to the original version of these diagrams.
B.2 Example of a two point function diagram
We will evaluate the three-loop ladder diagram which is the first diagram in Figure 7 (e). It corresponds to the integral:
where the loop momenta are p, q, and r. The external momentum is k. Using FIRE, it can be reduced to a sum of five master integrals, denoted as M A , ... , M E :
The diagrams corresponding to the master integrals are listed in Figure 5 . Among these master integrals, only M D is non-primitive, the rest can be calculated easily. However, if
we integrate over the middle loop, we see that M D is in fact related to the special KIT E Figure 5 : The LADDER diagram can be reduced to five master integrals diagram SK(2 − d/2). We have:
Plugging in d = 6 − and expanding in , we find that: 
B.3 Example of a three point function diagram
We will evaluate the three-loop diagram found in Figure 8 (f). In order to employ the same techniques used for the two-point functions, we impose that the momentum running through the three points are p, −p, and 0, as a three-point function with three arbitrary momenta are much more difficult to compute.
However, since the momenta are asymmetric, it is necessary to consider all three "orientations" of each topology of the diagram. Notice that the tensor factors mentioned in the previous section will also be different. As an illustration, let's denote the three orientations of the diagram we are considering by I 1 , I 2 , and I 3 . After taking into account that one of the external momenta is zero, they are each equivalent to a two-point function as shown in I 1 contains a subdiagram that is equivalent to ChT (1, 2), which can be evaluated easily using our formula before; after that, the diagram is primitive. The other two diagrams be reduced via FIRE into the master integrals M A , M B , M C , and M D as in the LADDER diagram. Again, in d = 6 − , we find that: 
